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Beli^afs, Autonomy, and Mathematical Knowledge 



Introduction 

A recunrent theme In mathematics education has been the impact of students' attitudes on their 
achievement in mathematics. Evidence for this interaction is suggested by the results of the recent 
National Assessments of Education Progress (NAEP). in the fourth NAEP, data was collected on both 
students' proficiency on basic arithmetic skills, problem solving, and conceptual understatxJing; and on 
students' attitudes towards mathematics (Brown, Carpenter, Kouba, Lindquist, Silver & Swafford, 1988b; 
Swafford & Brown, 1989). The mathematical results indicate a strong reliance on algorithms with little 
conceptual underpinning to facilitate applications or problem solving. Equally alarming are the attitudinai 
results. A majority of the seventh and eleventh grade students surveyed responded that they perceived 
mathematics as merely following rules and over half feit learning mathematics is mostly nriemorization. 
Approximately 20 percent of the students agreed with the statenient that mathematics is made up of 
unrelated topics and about 35 percent agreed that new discoveries are seldom made in mathematics and 
that mathematicians work with symbols and not ideas. 

For Silver (1987), these beliefs about mathematics reflect a 'hklden' component in the mathematics 
curriculum. 

These statements and others like them, reflect students' beliefs about or attitudes toward 
mathematics. The students' beliefs and attitudes have been shaped by their school mathematics 
experiences. Despite the fact that neither the authors of the mathematk^ curriculum nor the 
teachers who taught the courses had intentional curricular objectives related to students' attitudes 
toward and beliefs about mathematics, students emerged from their experience with the curriculum 
and the instruction with these attitudes and beliefs. Since the students' viewpoint represented by 
these statements is cleariy inadequate, and potentially harmful to their future progress in 
mathematics, we need to focus our attention more cleariy on those hidden products of the 
mathematics curriculum. (Silver, 1987, p. 57) 

In his review of the literature on beliefs about mathematics, Underhill (1988) pleads that: 

As we know more of leamers' beliefs, we are struck by the disparities between what we believe and 
what they believe, what we intend to be learned and what is learned. Further study can surely help 
us improve mathemattes instructton by providing a new type of feedback. Too many learners have 
no sense of empowerment; they are looking only for correct answers; they are memorizing facts and 
procedures. Far too few feel mathematically empowered; far too few feel in charge of their own 
learning, feel in charge of the growth and development of their own mathematical knowledge, (p. 66) 
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While the results from the NAEP and the observations made by Sliver and Underhlll suggest the 
Importance of beliefs, little is Itnown about the actual nature of the interaction between attitudes/beliefs and 
achievement. A review of the attitude literature reveals numerous statistical studies showing a consistently 
low to medium correlation (.19 to .54) between the measures of attitudes towards mathematics and 
achievement (Aiken, 1970a.b. 1971, 1976; Kulm, 1980; Reyes, 1984). These statistical results have been 
interpreted as indicating that attitudes have a secondary rather than a causal effect on achievement. 

Although numerous, the research results have proven inconclusive and fragmented. Reviewers 
of the literature have criticized the research on several key points: (a) no unifying definition of attitude, (b) 
the absence of a theoretical basis for Interpreting statistical data or directing research questtons, (c) little 
cross referencing or buiWing on previous work, and (d) inadequate models to explain the interaction 
between attitude and achievement. Aiken (1976), in his review, indicates that attitude research has relied 
too heavily on correlation methods and Indirect measures of attitudes such as questionnaires. He 
recommends that future research consider the distinction between the cognitive and emotional 
subcomponents of attitude when developing attltudinai instmments. Kulm (1980) further argues for theory 
devetopment studies utilizing qualitative methods which are sensitive to nuances in beliefs, opinions, and 
behavior. 

The recent qualitative research into students' problem-solving strategies has reopened the debate 
as to the effect of beliefs on students' cognitive processes. The studies of Buchanan (1984), Cobb (1985, 
1986), Frank (1985), and Schoenfeld (1983, 1985) have pointed to students' beliefs about mathematkss as 
a limiting factor in their problem-solving behavior. Beliefs by setting up expectations appear to constrain 
students' choice of heuristics and even restrict the type of problems students perceive as mathematics 
(Kouba & MacDonald, 1987, 1991). Collectively, these studies suggest that beliefs have an Interactive role 
as students solve problems and learn mathematics. 

In this investigation, a multiple case study design was utilized to examine six Algebra II students' 
beliefs about mathenratics and their possible effect on learning mathematics. The research plan consisted 
of a pitot study and three data gathering phases: (a) classroom obsewatlons and assessment of the 



teacher's perception of her role in the leaming process, (b) an assessment of student partfc^s' t>eliefs 
about mathematics and autonomy with mathematics, and (c) an assessment of the students' newly formed 
mathematical constructs on functions. 

Briefly, the rationale behind the research plan was to develop a detailed portrait of each indlvlduars 
beliefs about mathematics, to observe these individuals within the social context of their mathematics 
classes, and finally, to carefully examine the mathematical constructs that the individuals formed from their 
classroom experiences. By synthesizing the information on individual students' beliefs with the ciassivwm 
obsen/ations and expectations and comparing these resuKs with the individual student's mathematical 
constmcts, a description was developed for each student. These descriptions atterrvited to explain the type 
and depth of the mathematical constmcts relative to the students' beliefs and to the classroom 
expectations. Finally, these individual descriptions were compared for any patterns and similarities among 
students' beliefs about mathematics, students' autonomy with mathematics, and students' understanding 
of functions, in exploring the relationships between students' beliefs about mathematics and autonomy, 
and students' knowledge of functions in the classroom environment, the following questions were 
addressed. 

Students' Beliefs 

1. To what extent do the students hold beliefs about mathematics as conceptual or procedural in 
nature? 

2. To what extent do the students hold the belief that they are the source of authority for their 
knowledge? 

3. What do students perceive as their role and the teacher's role in leaming mathematics? 

4. How are the students' beliefs about mathematics as conceptual or procedural related to their souree 
of authority? For example, do students with a view of mathematics as conceptual have an internal 
source of authority? 

Relationshio batwa en BeHefs and Knowledge of Funntinng 
1 . To what extent do the students reveal a conceptual or procedural unchrstanding of functions which 
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includes the definition of function; the concepts of domain and range; function notation; composition 

of functions; and linear functions? 
2. How do the students' beliefs about mathematics as conceptual or procedural fit with their knowledge 

of functions? For example, do students who hold a view of mathematics as procedural construct a 

procedural or conceptual understanding of functions? 

Theoretical Framework and Research Assumptions 
This research study is premised on several theories and perspectives. Foremost are the 
assumptions that beliefs and knowledge are constnjcts of the individual and that these constnicts ase 
formed in response to experience and self-reflection. IndlviAjals utilize their beliefs and knowledge to 
create meaning from experience and subsequently to antfclpate future events (Kelly, 1963; Green, 1971 ; 
Rokeach. 1968; Cobb and von Glaserfeld, 1983). Within the perspective of constnictlvism, the indivkluai 
is seen as a scientist actively developing theories to explain observation and experience. Like scientists. 
Individuals test their theories against experience. 

One immediate consequence of this perspective is that all knowledge and beliefs are perceived 
as indlvklualized. Yet indivkJuals do not develop their understanding of the worid in isolation from the 
culture and era in which they live. Toulmin (1972) suggests that the way an indivkluai chooses to interpret 
experience is Influenced by society. Kuhn (1962) further argues that knowledge can be viewed as socially 
justified beliefs. That is, those indivkluai constaicts or meanings whksh are shared and common to a 
roclety woukl be consklered knowledge. Under this descriptton, discipline knowledge would represent the 
common constmcts of the practitioners of that discipline. The discipline also would share a common criteria 
for valWating statements. Thus, even within this individualized perspective, the construction of knowledge 
is seen as a fk>w between the indivkluai and society. Those Individual constructs that were not shared or 
common to a discipline would be designated beliefs rather than knowledge. 

The indivkluai and the discipline also interact in other ways. While ail mathematteal statements 
are scnitinlzed within a well-defined deductive system, the practittoners of the discipline still engage in a 
personal affirmatton process to reestablish the meaning and validity of these statements (MacLane, 1986; 
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Davis and Hersh, 1986). Mischler (1978) describes the mathematician's search for meaning and the 
processes used to create mathematics by saying: 

When a mathematician says he understands a mathematical theory, he possesses much more 
knowledge than that which concerns the deductive aspects of theorems and proofs. He knows about 
examples and heuristics and how they are related. He has a sense of what to use and when to use 
it and what is worth remembering. He has an intuitive feel for the subject, how it hangs together, 
how it relates to other theories. He knows how not to be swamped by details, but also to reference 
them when he needs them. (p. 361) 

Thus mathematicai understanding or knowledge entails more than the specific content knowledge. It also 
includes the processes by which the knowledge is developed and verified, and the peispective through 
which an object or idea is viewed within the discipline. 

The processes and perspective associated with mathematics represent a metacognitive level in the 
discipline, it is one of the hypotheses of this study that students' beliefs about mathematfcs as a discipline 
and beliefs about learning and doing mathematics reveal their attempts to describe this secondary level 
in nrathematlcs. 

It is further hypothesized that these beliefs, rather than being extraneous, have a dynamic role in 
the learning and doing of mathematics. The rationale for this premise comes from multiple sources. 
Kilpatrick (1985), Schoenfeid (1983), and Shaughnessy and Haladyna (1984) suggest that beliefs act in 
a metacognitive fashton. Kilpatrick (1985) notes that: "metacognitive processes rather than being imposed 
on top of acquired knowledge, interact with knowledge as it is being acquired (p. 9)." Beliefs are 
metacognitive in the sense that they set-up expectations and anticipations which in turn delimit chotees 
(Cobb, 1986; SchoenfeW, 1983, 1985). These expectations are theorized to affect both how knowledge 
Is structured (Skemp, 1987) and how it is used (Buchanan, 1984; Cobb, 1986; Frank, 1985; Schoenfeid, 
1985). 

These mathematicai constructs are theorized to form principally within the classroom content. 
Researchers have even proposed that dysfunctional beliefs inhibit students' ability to engage in 
mathematical activities, especially problem solving (Anderson, 1984; Baroody & Ginsburg, 1986; Borasl. 
1990; Buerk, 1985; Frank, 1988). 

What is being proposed, then, is that beliefs about mathematfcs and oneself as a doer of 
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mathematics by setting up expectations Impinge in the cognitive processes at vital decision making 
junctures. The following scenario suggests how and when this might occur in a problem solving situation. 
When confronted with a situationp a student must first decide whether or not that situation is indeed a 
mathematical problem. Even the acknowledgement of a situation as mathematk^al depends on the very 
elements-context and clues-that an indivklual perceives as relevant (Kouba & MacOonaM, 1987, 1991). 
Here then is a first juncture where students' beliefs about the nature of mathematical problems can 
influence their response to a problem. For example, does the student expect a problem to be kientical to 
ones seen in the olassroom? Must it contain numbers? Does the student look for the mathematk^al 
structure inherent in the problem? 

Once a problem is acknowledged as legitimately a mathemattoai situation, the student must then 
decide what strategies to employ to solve the problem. It is here that Cobb (1985, i986) and SchoenfeM 
(1983, 1985) propose that beliefs again enter into the deliberattons. Does the student approach the 
problem with the expectation that its solution reskles in the quick executton of a known procedure? Does 
the student expect to use trial and error to exptore a problem before a solution process is devised? 

Also, within the solution process, beliefs are theorized to affect executive-monitoring (Confrey, 
1982; Confrey & Lipton, 1985; Gelman & Meek, 1986; Schoenfeki, 1985). Does the student expect the 
solution to make internal sense? Are the soluttons expected to be consistent with other knowledge? Are 
soluttons validated solely on the basis of a careful executton of an algorithm? Are the solutions correct only 
if a teacher or answer key indicates them as such? 

in each of these junctures, beliefs about mathematics were conjectured to impinge upon the 
cognitive processes in problem solving. In additton. beliefs are hypothesized also to affect knowledge 
fomiation by establishing expectations for what is valued and attended to in an experience and how it is 
expected to be utilized in the future. 

Skemp (1987) explains the devetopment of knowledge or understanding in temis of ''assimilate [ton] 
into an appropriate schema (p. 29).** Skemp defines a schema as a conceptual stnjcture that an individuai 
constnicts in response to (a) experiences in the world, (b) interacttons with others' kleas, and (c) internal 

8 

ERIC 



reflections. An Individual tests the validity of that schema against (a) physical events, (b) others' ideas, and 
(c) personal knowledge or beliefs. The schema are then utilized by the Individual to (a) Integiate 
knowledge and make predtettons about future events, (b) facilitate communk»tk>n with others, and (c) aid 
future growth and reflection. 

Skemp also believes that the assimitation process Imroives acceptance of the new Information by 
the indivkiual. This acceptance can arise In two ways. In the first way, "acceptance of an asseitatlon 
depends on the acceptance of the teacher's authority, and acting on it partakes more of the nature of 
obedience than of comprehenston (p. 87)." In contrast. In the second way. "the asslmilatton of meaningful 
material depends on its acceptability to the intelligence of the student. Acting on it results from, and 
consolkfates. enlargement of the learner's schemes (p. 87)." 

Thus schema or beliefs can be viewed as a stnjcturlng mer.hanism which indivkiuals attach or 
assimilate new information into existing knowledge structure. The schema or belief would direct how the 
infomiation is placed into the structure-whether it is tied to other kieas either directly or by a process of 
reflection or heki apart, and whether the validity of the Information Is associated within or outskto the 
Indivkiual. 

Skemp (1987) proposes that students' mathematteal knowledge structures or schema can be 
Characterized as either relational (conceptual) or instrumental (procedural). By r^lationai. Skemp means 
knowledge or understanding in mathematics that is lntegrated-"knowing what to do and why (p. 153)", 
while instrnmental denotes knowledge or understanding based on the execution of ivies without reference 
to their rattonale. While Skemp designates these two categories as types of understanding, they are 
closely associated with students' beliefs about mathematksal knowledge and with students' autonomy with 
mathematics. Cobb (1986). Frank (1985). and Buchanan (1984) kJentify these categorizattons with differing 
belief systems. 

Other writers and researchers also have delineated mathematteal knowledge into broad categories 
based on the type of Internal stnjcture associated with the knowledge. Notably Hiebert and Lefevre (1986) 
categorize mathematical knowledge as conceptual or procedural. Like Skemp. Hiebert and Lefevre do not 
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identify these categories directly wHh any belief systems Iwt their language is suggestive of beliefs. Hiebert 
and LeFevre outline several benefits that arise when mathematics is understood relationaliy or In their 
terminology when conceptual and procedural knowledge are joined. These beneftts provide a nwans for 
observing and distinguishing relational or joined knowledge from instnjmental or procedural knowledge. 
First, syntools devetop meaning. Second, procedures are now perceived as reasonable. Since the 
procedures are understood, they are more easily remembered and recalled. Third, problem solutton is 
enhanced. This enhancement Is achieved by (a) simplifying procedural demands, (b) monitoring procedure 
selectton and executton, and (c) promoting transference. These advantages are realized since "the 
conceptualizatton of a task enables one to antfcipate the consequences of possible actions. This 
Information can be used to select and coordinate appropriate procedures (p. 12)." The transference is 
furthered since procedures are no tonger tied to the surface context In whkJh they were learned. As a 
result of this freedom from context, procedures are more readily generalized. Finally, procedural outcomes 
are monitored. Conceptual knowledge functions In this regard as a validating criteria, judging the 

reasonableness of the answer. 

Skemp's theory of schemes links an Indlvkiual's global view of the discipline with the manner In 
which new informatton Is accepted or assimilated. This linkage Is also visible In Perry's (1981) theory of 
Intellectual devetopment. In that theory the maturation process is tied to a change In authority for one's 
knowledge from external to Internal. Confrey (1985) Identifies an internal source of vaiWatlon v/rth 
autonomy In mathematics. For Confrey autonomy reflects a belief that the IndivkJual Is responsible for the 
tnjthfulness or correctness of one's knowledge and answers and that mathemattes Is valid or acceptable 
when it makes sense to the IndivkJual. Confrey further proposes that without the acceptance of this 
responsibility that students will remain dependent on outsWe authority, teacher or text; develop knowledge 
that Is fonnallzed and isolated from the rest of their experience; and feel poweriess wtth respect to their 
use and knowledge of mathematics. 

Fennema and Peterson (1985) associate autonomy wHh the devetopment of higher-level cognHive 
skills. To devetop these skills Indlvkluals' need to participate in autonomous learning behavtors which they 
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describe as "woiWng independently on high-level tasks, persisting at such tasks, choosino to do, and 
achieving success in such tasks (p. 20)." Thus, for Fennema and Peterson, autonomy Is linked to 
motivatton and confidence. 

In sunwnary these various perspectives suggest that autonomy involves both an acceptance of 
oneself as having the primary responsibility for one's learning of mathematkss and the acceptance of 
oneseH as the source for valWatlng one's knowledge and solutions. Autonomy is an independence 
theorized to affect perelstence, confklence and intellectual growth. 

Methodology 
Setting 

The setting for tr.e study was a small high school in a university town in southern New Hampshire. 
Approximately 500 students were enrolled In this school whteh has a strong college preparatory program. 
Approxinately 78% of the student body attends either a four-year or two-year college after high school. 
The student participants and classroom obser^attons were from an Algebra II and an Algebra 
lin-rigonometry ciass both taught by Mrs. Thomas (pseudonym). The Algebra II course was one of three 
sections offered by the high school while the Algebra ll/Trigonometry course was the sole section of its 
type. The six student parttoipants were ail vokjnteers from a pool of students from both algebra classes. 
The pool consisted of any student who scored 75% or higher on the Algebra I Placement Exam (CtoHeye 
Board, 1972). Three student vokinteers were selected from each class. 

Phase I: Cl assroom Qb^arvatton and Teacher Assflssment 

The first major phase in the data gathering was the vWeo-taping of both classes during their 
respective units on functions. This phase (a) documented the teacher's presentatkin of the unit on 
functtons. (b) obsen^ed the student-teacher interaction in the classroom, and (c) collected relevant 
classroom materials as examples of the teacher's expectattons for the classes. 

To further document the unit, copies of all quizzes, tests, handouts and hom.ewori< assignments were 
collected. Right of privacy considerattons and the university's human subjects restricttons prohibited the 
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coiiection of the student participants' actual papers and assignments from the classes. In addition to the 
video-tapes and sample assignments, the researcher kept a daily joumal of impressions from each day's 
observations. 

The second component of the classroom assessment entailed a series of five audio-taped 
interviews with the classroom teacher. These inten/iews (a) clarified any issues that arose from the 
classroom observations, (b) obtained badcground infomnation on the teacher's experience and professional 
activities, (c) ascertained the teacher's expectations concerning the functions unit for each class, (d) 
recorded the teachers philosophy of teaching and classroom policies, and (e) collected data concerning 
the teachers own beliefs about mathenrmtlcs. 
Phase II: Beliefs Assessment 

The purpose of this second phase was to gather information on the students' background and 
beliefs about mathematics. Three primary belief categories were targeted: (a) students' beliefs about 
mathematics as conceptual or procedural, (b) students' beliefs about their own role and the teacher's role 
in learning mathematics, and (c) students' autonomy with mathematics. 

This phase in the data collection involved a series of five Inten/iews with each of the six 
participants. The audio-taped interviews occunred once a week during the students' free period and tasted 
approximately 45 minutes. The Interviews were conducted in a small, enctosod study cancel in the library 
of the high school. A calculator, straight edge, pencil, and scratch paper were always available for student 
use. 

The inten/iew schedule including the questions and instmments is given in the appendix. Each 
interview began with a few minutes of informal conversatiort to relax the participants. The interviews were 
conducted in a neutral manner with regard to the validity of students' mathenrtatk^al work and opinions so 
as to avoid the researcher assuming an authoritative or expert's role and to empower the students' own 
voice. 

Several technkiues were emptoyed to collect Infonruitton on the belief categories. (See Table 1.) 
One component of this assessment entailed observing and questtoning students while they solved vartous 
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mathematics problems. These problems ranged from simple arithmetic algorithms to problem-solving 
situations. FollowHip probes explored the students' rationale for their strategies and their dependency on 
niles and algorithms when solving problems particularly in probiem-'Soiving situations. 

To further conoborate any beliefs that might be expressed by the students or inferred from their 
snkiton to mathematics problems, the students completed several additional activities. These activities 
included marking and discussing a mathematics topics ranldng grid and vocabulary lists, grading a sample 
algebra test, and responding to various scenarios on student's/teacher's roles. 

Table 1 
Trianoulation of Instmments 



Beliefs 



Instalment 


Procedural/ 
ConceDtual 


student/ 
Teacher 


Autonomy 


Interview 
Questtons 


Problems 


X 




X 


19,20, 21,23 
24, 25, 26, 27 
28, 29, 30, 31 
33, 34,35 


Sample test 


X 




X 


32 


Vocabulary list 


X 




X 


22 


Ranking grid 


X 






36 


StudentAeacher 
scenarios 




X 




37, 38, 39, 40 
41,42,43 


Background 
questions 




X 




1-18 



Phase III: Functtons Assessnwnt 



In this phase, the students partk^ipated in an additional three interviews. These were again audto- 
taped and lasted approxin^ely 45 minutes each. The purpose of this series of interviews was to 
investigate the knowledge that the six participanU had constructed from their classroom unit on functtons. 
(See interviews six, seven, and eight in appendix for a list of the content questtons used in this 
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assessment.) The questions covered the concepu of slope, function (both the definition and notation), 
domain and range, graphing funt^ns, intercepts, composition of functions, and word probiems using 
function notation. With the exception of graphing straight lines, the functions unit represented new material 
for the students in both classes. 

The content questions were developed prior to the study, but the final selection of questions was 
delayed until after the completion of the functions unit in each class. By delaying the selection, it was 
possible to include problems that were familiar to the students as well as extension and transfer probiems. 

Analysis of the Data 

Beliefs Assessment 

The assessment of the student participants' beliefs about mathematics formed the cornerstone of 
this research study. Since each of the six students was treated as a separate case study the analysis 
proceeded on a case by case basis. For the purpose of the initial analysis, the data from the instruments 
was divided into two major groups: (a) data from the vocabulary list, the ranting grids, and the 
student/teacher scenarios and (b) data from the mathematics problems and sample test. The data from 
the first group was analyzed using the qualitative technique of typological analysis (Go&z & LeCompte, 
1984) while the data from the later group was coded and eruimerated. 

The analysis of the first group of instruments proceeded in several stages. The data from these 
instmments aeivwl as a potential oonfimratlon (triangulation with) of the data from the students' prt)biem 
solutions and, as such, needed to be analyzed separately. The data in this first group was further divided 
into those questions and instruments (e.g. vocabulary lists and ranidng grid) that were related to general 
beliefs about the nature of mathematics and those instnjments relevant to student/teacher roles. The 
analysis In both subsections prcceeded in a similar manner. First, the transcriptions were reviewed for 
statements suggestive of a view of mathematics as procedural or conceptual, and statements indicative 
of the studenu' view of their own autonomy with mathematics. While these beliefs were the focus of the 
search through the transcriptions, any statement which expressed a dear belief about the nature of 
mathematics was flagged for inclusion in the report of the data. Once the data from the indtvidual 
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instruments was analyzed, the students' comments on each instrument were re-examined for cross 
instmment agreement. A similar process occurred when examining and then summarizing the individual 
students' beliefs atXHtt the student/teacher roles in learning mathematics. 

A different process of analysis was used for the second group of data: the students' problem 
solutions and evaluation of the sample test. Unlike the flr« group, the analysis of this data entailed 
inferences from the students' work and subsequently necessitated cont)boratk)n for those Inferences from 
independent sources. The transcripttons of the students' sokitton processes were coded according to the 
criteria given in the appendix. Actual passages within the transcriptions were annotated as evidence 
supporting the various coding categories. 

The coding of the data occurred in two phases. TTie data was rated first for the 
conceptual/ijroceduralcriteriaand. second, for the autonomous/nonautonomous criteria. The codings were 
based on a positive instance of a category rather than on its absence. For example, in order for an 
episode in the transcription to be designated as nonautonomous. the student vwuW have had to made a 
comment or shown by her acttons one the behaviors listed in the coding criteria. She would not receive 
a nonautonomous coding because she failed to show any autonomous behavtore. Also the categories were 
not assumed to be mutually exclusive, that is. an episode couM potentially be coded both conceptual and 
procedural if the student exhibited acttons or comments exemplary of both categories, if no positive 
instances of either category were obsen/ed. then the episode/problem was designated undecUad. Finally 
the coding of the data was independent of whether the student correctly solved the problem. 

Once the inttial coding of the data for the six parttoipants had been oonpleted. the data was re- 
analyzed by two independent coders using the definitions and coding categories. The two coders were 
responsible for re-evaluating the data from two of the student partic^ants: Ann and Tara. "Rie coders 
were given clean copies of the transcripttons and the scratch work atong with the audto-tapes and coding 
sheets. The coders worthed through the data once to code it for the conceptual/procedural categories and 
a second time for the autonomous/nonautonomous categories. 

The coders' evakjattons and comments were then corrvMred to the researcher's own coding of the 
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data. This comparison yielded an 85% and 75% overall nwteh in the selertton of coding categ^^^ Using 
l)oth sets of codings and the comments, the researcher then wrote a summary of the evaluation of the 
students* problem solutions. The written summaries for Ann and Tara were then submitted to the codere 
for their corroboration as representative of the data they had examined and coded. The final conclusions 
reflect the coders' criticisms and comments. 

The final step in the analysis of the students* beliefs entailed a re-examlnatlon of the data from both 
of the major groups of instruments. This examination searohed for any consistencies in or discrepancies 
between the students' beliefs as inferred from the analysis of the problem solutions and the beliefs as 
reported from the other instruments. 
Functions Assessment 

The purpose of this assessment was to evaluate the student participants* understanding of the 
concept of function. This evaluation included questions on the definition of function, function notation, the 
concept of domain and range, graphs of functions, intercepts, composition of functions, and word problems 
using function notation. These topics represented the core of the content common to both classes. Like 
the beliefs analysis, the analysis of the data In this secUon progressed through several stages and involved 
the independent coders. 

The analysis began with researcher coding the students* solutions and comments on each of the 
functions questions. Although the primary coding was either correct or Incorrect, these codings were 
qualified by comments and by the demaikation of C+. C and C- which Indicated the relative strength of the 
students' correct response. That is, how complete the response was and how readily ft was forthcoming 
(without prompting or probing by the researcher). 

The data from Ann*s and Tara's functions questions was receded by the same two coders who had 
evaluated their beliefs data. As before, the coders were given a dean copy of the transcriptions, scratch 
wortt, audio-tapes, and coding sheets. The coders were Instructed to code Ann's and Tara's responses 
as mathematically correct or incorrect and to express their rationale for their coding selection. Since the 
interviews were interactive, the possibility existed that the researcher might have inadvertently led the 
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student to the probiem solution or ourtailed the student's own response. In recognltton of this possibility, 
the coders also were asked to comnient on the Interaction especially If in their perception the dialogue may 
have unduly influenced the student's responses. 

The match on the categories selection between the cr ' '>fs' and the researcher's codings was fairly 
high: 90% and 80%. The few discrepancies that occurred were all instances where the students' 
comments reflected a very weak or partial understanding of the concepts implied in the question. For 
example, one coder rated the student's response while the researcher evaluated It as W (Incorrect). 
Since the percentages were based exclusively on category match, this example woukJ have been tallied 
as a misnrwtch, yet both codings and the accompanying comments conveyed similar messages about the 
incompleteness or vagueness of the student's understanding. 

Using both sets of codings and comments, the researcher then summarized the students' 
responses to functions questions. The summary was organized around three topics: (a) definitton of 
function, (b) function notation, and (c) related concepts. Next the data from the beliefs assessment and 
the functions assessment were re-examined for any apparent consistencies or discrepancies. For example, 
wouki a student whose comments and problem solutions suggest a view of mathematics as conceptual 
develop connections or ties in his loiowledge of functtons or would his knowledge appear fragmented and 
mle based? 
Secondary Analvsls 

For the primary level of analysis, each of the six students was treated and reported as a separate 
case study. For the secondary level of analysis, the data and conclusions for each student were compared. 
The purpose was to examine the case studies for apparent trends or contradictions. For exan^le, were 
the students described as conceptual and autonooKHis in orientation also those who devetoped a well- 
connected understanding of functions? Was there any relationship between the designation as 
conceptual/procedural in orientation and autonomous/nonautonomous in orientatton? Were there any 
students whose data appeared Incongnient with the others? 

Discusston and Conclusions 

ERLC 
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The theoretical framework suggests corviections among beWats about mathematics, autorwmy, and 
knowledge structures. In particular the theory suggests that a conceptual view of mathematics is 
associated with autonomy and with a relational knowledge structure. Analogously, a procedural view of 
mathematics is associated with an external source of valklity and with an instnimental knowledge stnicture. 
The results summarized In the Student Ranking Tat)le (see appendix) support the plausl}ility of these 
connectnns. The table reveals that generally those participants with a higher percentage in the conceptual 
coding category also were those coded high on autonomy and who subsequently were coded correct on 
a higher percentage of the function questions. 

These results, however, cannot establish causality between the factors. In a similar way the 
specific comments made in the belief interviews cannot be causally linked to responses in the function 
inten/iews. Yet, the interviews suggest plausible inferences between the two data sets. The following 
discusston summarizes and compares each participants' beliefs about maUiematics and autonomy with their 
knowledge of functions. 

Discusston of Indlvkiual Cases 

Keith 

Keith's beliefs assessment conveyed a view of mathematics as procedural. Keith described 
mathematics as "a brick war since it allowed no room for error. On the vocabulary list Keitii selected the 
temns rigid, contmlM, and absolute to reflect the right-wrong aspect of mathematics. "You use a specific 
formula to get specific answers" and "Vou have to get this answer or else you're wrong." Keith saw 
mathematics as useful but not beautiful or exciting. However, he dkl feel that tiie solution of wor^ problems 
and proofs required original thinking. He also felt that one needed to be clever to succeed at mathenurtics. 
Keith saw real-wortd applications as important for motivation. He indtoated that he expected tests to be 
like homework or class problems, although he dkJ not expect Vne teacher to prepare him for each problem 
type. 

The problem protocols in Keith's belief assessment also pointed towards a procedural view of 
mathematics. He was coded conceptual on several problems because he was able to Justify intuitively 
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arithimtic and algebraic procedures, and because he showed flexibility in his solution techniques. The 
procedural coding resulted from his use of unmonltored trial and error and dependence on the execution 
of formulas In the problem-solving sttuatlons. Keith also graded the sample test on the basis of familiarity 
of fomri rather than process. Keith's autonomy during the problem protocols was limited. He showed some 
monitoring of his processes and an expectation that his solutions should be justifiable. 

Keith's functions imen/iews stand In contrast to his beliefs assessment. The conceptual and 
autonomous codings from the beliefs assessment showed that 62% of the problem episodes received a 
conceptual rating while 40% received an autononwus rating. These relatively low percentages along with 
Keith's description of mathematics as prescribed rules suggested that Keith viewed mathematics as 
primarily procedural In nature. Based on this conclusion. Keith's functions assessment was anticipated to 
show a reliance on procedures. Instead his protocols implied an integrated understanding of and ease with 
many of the topics. Keith was able to use function notation in evaluating expressions like f{x) and f(g(x)) 
and in solving word problems. Keith also associated f(x) with y and quicldy graphed f (x) - 2x + 3 both by 
a table of values and by using the slope-Intercept form. He aillculately described the conponents of y - 
mx + b including the roles of x and y in the equation. Keith did. however, have difficulty applying the 
vertical line test to graphs of function. He tacitly assumed that continuity was Implied In the definition. He 
also limited his definition of domain and range to the explicit x and y coordinates he con^utod. Finally 
Keith insisted that the graph of y - (x - 1)(x - 2) (x - 3)(x - 4) would represent a series of 4 lines each with 
the same y-intercept of 24. 

The researcher hypothesized that this Incongruity between the beliefs assessment and the function 
assessment was partially attributable to Keith's reserved nature. As noted in the analysis of his Interviews. 
Keith rarely volunteered information. This silence ntade the autonomous coding especially difficult to 
detennine since the coding was premised on voluntary actions or comments. That is, a student only 
received an autonomous or nonautonomous coding for a problem episode if he or she showed a voluntary 
action or comment that indicated either coding category criteria. Hence the actual number of problem 
episodesthatcouldbeevaluatedforKelthwasfalriy small. For instance. Ann's comments pennltted coding 
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on 12 problem episodes, while only 5 problem episodes could be coded for Keith. Thus Keith's evaluation 
was based on fewer problem episodes. In a similar fashion, Keith's quiet demeanor may have also unduly 
Influenced his conceptual/procedural coding. He may have been less wilUng to volunteer hSs thoughts or 
conjectures. The researcher observed that Keith tended to become quieter when he was confused or 
uncertain. 
Ann 

Ann's interviews revealed a view of mathematics as conceptual. Ann repeatedly asserted that it 
was important to understand the rationale in mathematics. This rationale for procedures not only made the 
ideas reasonable but it also helped to extend the procedures to new situations. Ann felt that it was 
unnecessary to memorize mathematics if one understood It. She enjoyed the challenge of applying 
mathematics to new situations and to reaHlfe applications. In fact, she saw mathematics everywhere in 
the world around her. Ann also explained that In mathematics, especially In word problems, it was often 
necessary to use trial and error to gain Insight into the problem. To her the creation of mathenratics 
required creativrty and cleverness. While Ann saw mathematics problems as having only one right answer, 
she feH that there could be multiple-solutions techniques. Finally she saw mathematical knowledge as 
Integrated concepts and cumulative in nature. 

Ann's verbal reports were consistent with her actions and comments during the problem phase of 
the beliefs assessment. Ann denwr^.rated that she could use multiple approaches, justify procedures, 
summarize her solutions, and use number sense to check an answer. In addition to these actions, Ann 
evaluated the sample test on the basis of process rather than answers atone. Throughout the problem 
protocols, Ann revealed her autonomy wtth mathematics. She constantly monitored her progress checking 
not only that the procedures were executed correctly, but that the solutions made sense to her. She even 
challenged the researcher's questions and suggestions. These actions showed Ann's pervasive 
expectation that mathemattos shouW make sense. That the rationales behind the procedures were 
knowable and vital. 

Ann's autonomy and her view of nrwttiematics as conceptual appeared consistent with the type of 
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knowledge she constructed from the functions unit. Ann illustrated her definition of function and one-to-one 
with examples and graphs. She also was able to extend her use of the definition of function to the abstract 
situations in questions #61 and #63. (See appendix for a sti 3ment of the problem.) While confused by 
function notation, Ann still was able to describe the domain and range of several functions. Ann also 
demonstrated that she had integrated graphs with equations and the coordinates of points. Sl e moved 
easily between these three representations and used them in conjunction to validate her work. Ann utilized 
this facility when she attempted to k>cate the interaepts in problem #53. Like the other participants, she 
had originally expected this problem to be linear. However, she persisted until she was satisfied that the 
graph accurately reflected the multipie intercepts. This tenacity and need to find ctosura was also evklent 
in her solutton to the word problem In question #59. Here Ann utilized number sense to compensate for 
her confusion with function notation. She expected her answer to make sense and actively sought alternate 
strategies to verify her solutions. 

Overall Ann denx>nstrated a clear and integrated knowledge of functtons and linear equations. 
While uncertain of function notation, she showed a nf)eaningful understanding of the symbols in the 
equation y « -f b. Ann was also able to transfer her understanding of functions and intercepts to 
several non-routine problems. Of the six participants Ann aione cited a specific applicatton, the parking 
garage fee scale, in her rationale for studying functions. Ann's Interviews suggested that she had 
developed a conceptual (relattonal) knowledge structure. 

Ann's autonomy and conceptual view of mathematk^ appeared consistent with her knowledge 
stmcture of functtons. She had emphasized the Importance of understanding of the rattonale and the 
expectatton that this rattonale behind procedures wouM facilitate her thinking in unfamiliar situattons. Ann's 
functions assessment demonstrated that had she devetoped this rationale and indeed coukJ apply it. Ann 
also had indicated her interest in the applicattons of mathematics. Again, her inten^iews showed that she 
had remembered one of the few examples of real life appiicattons given in class. As in her beliefs 
assessment Ann repeatedly modeled her expectation that her solutions shouU make sense and be 
consistent with her knowledge. Thus, Ann's autonomy and conceptual view of mathematics were matched 
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with her conceptual understanding of functions. 
Tara 

Tara's comments during the beliefs Interviews presented a view of mathematics as procedural. 
Tara's selection of vocabulary terms emphasized nuthematics as prescribed njles that were evaluated right 

or wrong. She saw mathematics as controlled since "There's a way it's to be done There's only one 

kind of answer you can get. It goes along with being right or wrong." She also explained that: "Everything 
that I ever learned In math seems to be like menrwrizatton." Tara also believed strongly that teachers were 
responsible for presenting step-by-step instnictions for ail problems that their students were expected to 
solve on tests. 

These beliefs coincided with Tara's actions as she discussed and solved the problems in this 
second phase of the beliefs' analysis. During hnr work on the problems, especially the problem-solving 
questions, ft was apparent that Tara expected to apply known algorithms or equattons to solve the 
problems. She rarely utilized exploration or trial and enor as a nwtlvatlonal tool and she readily expressed 
her expectatton that the researcher should supply hiri'iS or answers to these nonstandard problems. Aiso 
when grading the sample test, Tara based her assessment on the familiarity of the form rather than on the 
validity of the process. Thus in the beliefs' assessment, Tara revealed a procedural view of mathematics 
and a dependence on an outskie authority to valkiate her soluttons and her knowledge. This dependency 
also extended to the expectatton that all probiem-soiutton technk|ues shouki be presented by the teacher. 

Her explicit beliefs and her acttons while solving problems appeared consistent with the type of 
knowledge she constaicted from the functtons unit. Tara's definKton of functkin stressed the procedural 
aspect of evaluating funclk)ns: "A formula into [which] a number is put to get an answer." Tara couW 
readily evakjate functton notatton, but failed to associate it with the y variable. She insisted, when asked 
about domain and range of an equatton in function notatton, that the equatton had no range. While she 
recognized the graphs of functtons by the tunctton test" (veittoal line test), her usage of the test seemed 
mechanical rather than baser: on the def Initksn of functkin. This hypothesis was confirmed by her faikire 
to extend the klea of function to the more abstract situations of problems «61 and «63. (See appendix) 
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Tara could not extend the concept of intercepts to the nonlinear equation in problem #53. Her discussion 
showed that she could only generate the y-lntercept by recoonizino an equation in the form y - mx + b. 
She also did not appear to realize that each ordered pair from the oraph must satisfy the equation. Overall 
Tara'8 knowledoe of functions teemed to be based on procedures using symbols. Her knowledge of the 
various procedures appeared segregated. When confused orfaced with contradictory evidence, Tara again 
turned to the researcher with the expectation that the dilemma would be explained and the correct 
procedure illustrated. 

Tara's loiowledge of functions appeared consistent with the assessment of her beliefs about 
mathematics. In her discussion, she haci emphasized mathematics as memorized mies and that problems 
should confonn to dass procedures and examples. Her function assessment demonstrated that she had 
constmcted a collection of prc-^dures that could be applied to routine problems. These procedures, 
however, were not flexible, did not readily extend to new situations, and appeared disjointed. She also 
seemed dependent on the recognition of a familiar fomi to trigger an appropriate response. Thus, Tara s 
procedural view of mathematics and her lack, of autonomy seemed congaient wHh her procedural 
knowledge of functions. 
Tom 

In his interviews, Tom conveyed a view of mathematics as utilizing mles, common sense, and 
togteal thinking. While niles were a signifk»nt part, he felt that mathematk» was "being able to do the 
thinking to get to those steps." Tom found that many problems just solved themselves, but when a solutton 
was not immediate he suggested looking for similar examples, trying alternate approaches or simplifying 
expresskjns. Like Ann, Tom felt that memorizatton was not necessary if one understood the concept or 
procedure. Not only was mathematics useful, but Tom found it challenging and interesting, as well. Infact, 
mathematics was the only school subject that activeiy engaged his interest and efforts. 

Tom's acttons and comments as he soh/ed the problems in the beliefs assessment were consistent 
with his views of mathematks. Tom demonstrated that he couki justify procedures, summarize solutions, 
and apply number sense to check the reasonableness of answers. Tom also evaluated the sample test 
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on the basis of process rather than familiarity of form. Tom revealed his autonomy with mathematics by 
voluntarily checking his answers and by monHoring his solution processes. 

These expectations and actlor« from the beliefs assessment appeared consistent wltJi Tom's 
respc ses during the function inten/iews. Tom demonsuated his understanding of functions through his 
recall of the definition, recognition of graphs of functions, and his application of the function concept to the 
abstract situations In problems #61 and #63. (See appendix) Tom was equally adept at detemilning the 
domain and range of a function, graphing linear equations, and computing the slope of a line. While Tom's 
responses showed a clear and an Integrated understanding of functions and graphing, he was uncertain 
and confused by function notation. This confusion Included a failure to recognize f(x) as y, evaluate 
expressions like f(2). and use corr^sltton notatton. With the exception of function notation, Tom's 
responses generaUy showed a conceptual understanding of functions and related topics. 

As the above discussion Indicates Tom valued the rationale behind procedures. His function 
interviews revealed that he had put that belief Into action by constmctlng an integrated know,edge of 
functtons and graphing. He easily nwved between graphs and equations and couW cite specific examples 
to explain his ideas. However, Tom's codings In the Student Ranking Table (see appendix) wouW suggest 
a higher percentage of conrad responses In the functions category. This discrepancy Is tenable. 
Throughout the intewiews, Tom Indteated that he was often Inattentive to his schoolwortt. Although Tom 
enjoyed nruithematks, he often found the homeworic boring and tedious and so wouU skip it. While not 
blaming his teacher, Tom also confessed that he had not read or completed the hon«wort< on the 
composition section even though he had been absent during the dass discussion. Thus. Tom's uncertainty 
with the composition notatton is understandable given his confession and attHude toward schoolwortt. 
Sue 

In her beliefs assessment Sue Indicated that mathemattos required analysis and togto but did not 
utilize imaginatton or creativity. While Sue felt that every problem had a correct answer, most problems 
had multipie-solutton techniques. In additton word problems often necessitated exptoratton before an 
appropriate equatton could be written. Sue felt that mathematical knowledge was initially learned by 
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memorization, but through repeated usage that knowledge became Integrated into one's thinking. Her 
remarks suggested that she saw mathematics as automatized mles and fonnulas. Sue also expressed her 
frustration at the Irrelevance of much of the mathematics she studied in school. She feK her schooiwotK 
In mathematics would help her be well-rounded academk»lly, but that it had no tie to her real life. 

Sue's comments presented a view of nnathematics as both conceptual and procedural. This 
mixture of views was also manifest in her discussion of and solutions to the problems in the beliefs 
assessment. Sue demonstrated in these Interviews that she eouM justify solutions by using number sense, 
apply muKipie approaches to a problem, and summarize results. At the same time. Sue also graded the 
sample test primarily on the basis of familiarity of form rather than process. In addition. Sue began the 
problem-solving protocols with the expectation that an equation or fomuila could be applied or that one 
could be written. While Sue held this expectation, she also consciously monitored her progress and 
abandoned that view when it failed to produce any tangible or immediate results. This monitoring along 
with her expectation that her results should make sense appeared to ovenlde her expectation for an 
equation or formula and hence facilitated her problem solving. 

Sue's belief's assessment revealed that she had beliefs and actions indicative of both a procedural 
and conceptual view of mathematics. Atong with this mixed perspective. Sue also demonstrated a 
consistent autonomy with mathemattos by monitoring her actions and by expecting her answers and 
solution technk?ues to make sense. This same mixture was evident in her interviews on functions. Sue's 
interviews demonstrated that she could give the definltton for functton, apply It to determine whether a 
graph was a functton. and extend the concept to the abstract situations in questions #61 and #63. (See 
appendix.) She also was able to graph linear equations and detemiine the slope from points. In contrast, 
her discusston of the intercept problem suggested that her use of the slope-intercept equation was more 
procedural than conceptual. She seemed only to be able to find the y-intercept by locating the b posltton 
of the equatton. She was also uncertain how to check an ordered pair in an equation and even what the 
role of X and y were in the equatton y - mx -f b. While these diffkxilties suggested a more procedural 
understanding of the unit, she constantly checked her answers against her graphs. By doing so, she gave 
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the impression that she was lookino for and expecting the various procedures to be consistent and 
intuitively correct. Sue's autonomy again aided her solution process even when her factual and conceptual 
knowledge was inadequate, 

Sue's kMllefs assessment presented a view of msthematk» as a mixture of isoth memorized 
procedures and k>gic. Her problem solutions In this auessment also revealed a pen/asive sense of 
autonomy with mathemattos. Sue's functtons assessment minored this same mixture of dependence on 
known procedures with the expectation thai the soiuttons shouM be consistent with her knowledge. It was, 
in fact, Sue's autonomy that moderated her procedural view of mathematics and facilitated her problem 
solving. 
Steve 

Like Sue, Steve presented a mixed view of mathematics. He perceived mathematics as a language 
and as a collection of prescribed ailes or techniquos. For Steve, the rules of mathematk» represented 
established results, so he felt it was unnecessary to re>verify them. Foremost though, Steve ssw 
mathematics as a tool of science. Scientist used mathematical equations to describe theoretical Ueas or 
complex phenomenon. While Steve saw the rules as fixed, he also believ&J they couM be adapted to fit 
new situations or applications. Steve felt that to apply mathenratics often necessitated trial and error and 
insight. It was the applk^tions of mathematics that Steve found interesting and creative. Steve also 
believed tha^ mathematics was not instinctual but learned and that this learning requir(HJ memorization, 
experience, and understanding. Using a computer anak>gy, Steve described his own understanding of 
mathematics as: "I learn how it to do it and I store [it] up [in] my brain and later 1 )ust pull it out and use 
it whenever I need to." Overall, Steve's discussion of mathematics suessed its procedures which required 
strict adherence to the rules and its applk»tions which required insight to adapt or apply the mles. 

Steve's problem protocols in the beliefs assessment also demonstrated a mixed view of 
mathematics. Steve received his conceptual codings because he justified algom; iis, generalized results, 
utilized number sense, and evaluated the sample test on the basis of process, in contrast, Steve received 
his procedural coding because on the problem-solving questtons he relied almost exciusiveiy on equattons 
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and formuias to solve the problems. It was noted in the discussion of Steve's protocols that even In the 
problems coded conceptual, Steve based his arguments and solutions on symbol manipulation, application 
of mles, and solving equations. Steve's autonomous arid nonautonomous codings followed a similar 
pattern. Steve demonstrated his autonomy by monitoring his results, by voluntarily checking his answers, 
and by summarizing his results. Steve's also received nonautonomous codings because of his reliance 
on authority to justify algorithms and because of his relegation of the validity of results to the execution of 
an equation. Thus, in both Steve's comnwnts and problem solutions a common theme emerged. This 
theme stressed the accurate execution of mles and equations as a tool primarily for solving t^-sd verifying 
results. 

Steve's function interviews showed a clear understanding of function notation. In particular, Steve 
grasped the relationship between f{x) and y and conveyed an understanding of the roles of the independent 
and dependent variables. He also easily discussed the components of y « mx + b, graphed a linear 
equation, and computed a slope While Steve was comfortable with these topics, he was confused on the 
definition of function. Steve associated function with any equation that defined a relationship between two 
variables. Steve also expressed some frustration with the concept of function because it could not be 
represented by numbers or an equation: That's the problem with math. Cause math is very quantitative 
and it's tough trying to stick qualitative things to it. Trying to describe it in something other than numbers." 
Two strategies were prominent in Steve's protocol. Whenever possible. Steve kx)ked for some algebraic 
manipulation to solve the problem and whenever he graphed points, he woukJ atten^rt to write an equatton 
to describe that set of points. While at tlnrws these strategies were productive, at other times his search 
for an equation overshadowed the original question or concept. He gave the in^ressfon that he needed 
an equation in order to provide concrete evkJence for his thoughts. Steve's solutton process was akled by 
his monitoring of his execution of procedures and his expectation that his solutwns shouU be consistent 
with his equations and knowledge. 

Steve's beliefs assessment and function assessment seemed to coincide. In the beliefs 
assessment Steve expressed in many ways that mathematics entailed the execution and application of 
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procedures. Steve's comments ar>d actions suggested a reliaix^e on finding and solving equations. He 
described mathematics as truthful because "equations doni lie." Overall, he saw "math as Just a tool rather 
than an end." He also believed that any mathematical statement could be proved valid or invalid because 
"If you had the right lowwledgo you could prove It one way or the other. It may take forever to worit out 
the equation. But if s still possible." These renwrits support the contention that to Steve. eque*ions and 
their solutions represented a very vital element in mathematics. The problem protocols in Steve's beliefs 
assessment also affimwd this supposition. This emphasis on equations and manipulation appeared again 

in his function Inten/iews. Steve demonstrated mastery of those aspects that involved the use or 

/ 

description of equations, in contrast though, Steve had difficulty with the definition of function since it was 
a "qualitative thing." In both the beliefs assessment and in the function interviews, Steve's autonomy 
fadtitated his use of these procedures. 

Cross-case Discussion 

As the preceding summaries illustrate, the six participants differed in their views of mathematics, 
in tneir autonomy, in their approach to problems, and In their laiowledge of functions. The following 
discussion will highlight those areas which most clearly distinguish among the participants. 
Beliefs about Mathematics 

The students' beliefs about mathematics can be distinguished by their views on the nature of 
mathematics, the intellectual characteristics needed for mathematics, the utility of mathematics, the way 
to learn mathematics, and the teacher's role. 

Nature of Mathematics. Ann's and Tara's views of mathematics provldo the most striking contrast. Ann 
perceived mathematks as a way of thinking and stressed the importance of knowing the rattonales 
underlying procedures. Tara stressed memorizing and executing procedures and rules. Tara also saw 
matl. )matk« as rigid and inaccessible to indh/iduai chotoes. While acknowledging that mathematks 
problems have one right answer. Ann felt that the solution techniques couM vary depending on the 
indivkiual's insight and preference. 

Keith. Tom, Sue, and Steve held views of mathematics that were a mix of these two perspectives. 
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Like Ann, Tom valued the reasoning behind problem sokjtions and Sue shared Ann's belief that problems 
often had multiple solutions. Keith, however, was like Tara in that he saw rnathematks as rigid and as a 
collection of prescribed njles. While Steve also stressed this perspective, he added that mathematics was 
a language and a tool of science. 

Intellectual Characteristics . Ann was unique in her perspective on the intellectual characteristics needed 
for mathematics. She felt that to do mathematics one must be creative, clever, insigMful, and logical. Tara 
again provided a start^: contrast to this view. She emphasized that she did mathematKS by copying and 
repeating strategies demonstrated by the teacher. She, unlike Ann, did not hoM the expectatton that one 
shoukl be able to modify mies or procedures to apply them new situations. On word problems, or in 
problem-solving situations if Tara was unable to apply a known fonnula or write an equatton, she tried trial 
and enor. However, for Tara this process entailed more guessing than deductton and conjectures. 

Again, the other partkdpants take positions between these two extremes. Tom, Sue, Steve, and 
Keith all shared Ann's view that word problems and proofs required insight, k)gic, originality, and trial and 
error. In additton Stevo felt strongly that to apply mathematk» required cievemess. Although generally 
concurring with Ann's view, the others did not agree that one needed to be creative in mathematics. For 
example. Sue saw creativity as a trait unrelated to mathematics, since for her it implied freedom of thought 
and self-expression. For Sue, mathematics was too rigid and aile-oriented to pennit the indivkiual a voice 
or choice. 

Utilitv of Mathamattes. Among the participants, Ann and Steve saw mathematk» as relevant or useful in 
their lives. Ann perceived mathematics to be everywhere In life. She even saw mathematics in the 
deductk)ns and inferences that one made while reading a newspaper. For Steve, mathematics was useful 
for its applicattons in the sciences and in architecture. Apart from consumer applk»tk>ns Tara, Sue, Keith, 
and Tom saw no real need or use for their mathematics. They also shared the belief that their 
mathematk» coursework shoukl to be useful in advanced courMS tike cakulus and useful in leamtng 
reasoning, but this view was expressed vaguely and skeptically. 

Learning Mathematic*. The participanU were divkied on the issue of whether or not mathematkis is 
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learned priinariiy through memorization. While acknowledoing that some basic facts needed to be 
memorized or made routine, Ann and Tom felt they did not need to memorize. They both staled that once 
they understood a concept that it naturally became part of their thinking. Tom also believed that 
mathematical ability was partially innate. Sue and Ketih felt that they learned mathematics through 
repetition and some conscious memorization. In contrast, Tara openly admitted that ail of her mathematical 
learning was achieved through memorization. 

Teacher's Role. Among the participants, Tara alone held the expectation that the teacher should present 
step-by-step explanations of each type of homework problem. While the others did not share Tara's view, 
Ann went further to say that she wished the teacher would not demonstrate everything. She enjoyed 
challenges and used the occasions when the teacher did not explain everything to test her own 
understanding of the concepts. There was a general consensus among the participants that tests should 
mirror homework exercises and class examples. Tara was adamant in this view, saying she would quit any 
mathematics class that did not conform. While Ann agreed to this view of tests, she did so because she 
felt non-routine problems woukl be unfair to the less mathematicaily adept students. She felt that more 
difficult problems could be given as optional bonus problems. There was also universal agreement among 
the participants that the mathematics instnjction should contain examples of real-life applications. They 
felt such appiicattons were essential for motivation and for maintaining interest. 
Autonomy 

Each of the participants exhibited some autonomy either by volurttarily monitoring their worK 
checking their answers, or summarizing their results. Each heki the expectation that mathematical 
processes and solutions shouki make sense, although they differed on the degree to whk^ they were able 
to capitalize on that expectation. For example. Sue and Tara reached a point in several soiuttons where 
they realized their answers were inappropriate. Because they lacked some domain-specific knowledge, 
or heki inflexibte procedures, they were not able to modify their responses to be more appropriate. Of all 
the participants, Ann exhl}ited the most consistent and ongoing use of self-monitoring and self-reflection. 
She rarely put a problem aside until she was satisfied with her response. Like Ann, Tom, Steve, Sue, and 



ERIC 



30 



29 

Keith frequently used number dense and aftemate techniques to verify solutions. For Steve and Sue, their 
autonomy also seemed to mediate their procedural expectations in the problem-solving protocols and in 
the functions assessment. 
Approach to Problems 

The problem-solving situations and the evaluation of the sanY>le test revealed distinctions among 
the participants. When confronted with a problem-solving situation, Tara expected to apply a formula or 
write an equation. Failing this, she used unmonitored trial and enor. She was easily f mstrated and insisted 
that the researcher should supply hints, clues, or the necessary fomxila or equation. In contrast, Ann 
would begin by exploring the situation, either by thinking of a simpler case or using trial values. She used 
these strategies effectively to refine her approach and to suggest reasonable conjectures. Like Ann, Tom 
also demonstrated an ease with problem-solving heuristics. He stated that he tried to look for togtoal 
connecttons between the problem and ite solution. Like Tara; Keith, Sue, and Steve approached the 
problem-solving situatton with the expectations that they shouki be solved by applying a fomiula or writing 
an equation. Unlike Tara, they were willing to abandon this strategy when their setf-monltoring showed It 
to be ineffective. 

The students* evaluatton of the sample test also revealed distincttons. Ann, Tom, and Steve graded 
the test on the basis of the vaiklity of the processes used while Keith, Sue, and Tara evahiated the problem 
sokittons by their match to standard or familiar procedures. 
Knowledge of Functions 

In addition to the differences in beliefs about mathematics, autonomy, and approach to probten^, 
the students demonstrated differing understandings of the functton concepts. One problem in parttoular, 
questton #53, highlighted those differences especially well. (See appendix.) In this questton the students 
were asked to detennine the x- and y-intercepts of the nonlinear equatton y - (x-1 )(x-2)(x-3)(x-4)(x-5). The 
students differed not only in how they approached the problem, but on the flexibility of their content 
knowledge. Tara and Sue had only one strategy for solving for the y-intercept. They tried to put the 
equatton in y - mx + b fomi and read the b tenn. While Sue, Keith, and Tom each were able to recognize 
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the form of the intercepts as (x, 0) aixi (0, y). they could not utilize this information readily. Sue found it 
confusing to sul)Stitut8 for y instead of x. All three were baffled when the researcher suggested that they 
sut)stiiute simultaneously both coordinates of a point into the equation. Not only was this action new to 
them, they saw no reason for it 

Only Ann had Integrated into her understanding the relationship between the ordered pairs, the 
original equation, and the graph. She moved quickly among these three representations or perspectives 
and motivation as well as confinYiatton from them. With the exception of Ann, the other participants 
were not especially willing to consider the possibility that the graph was nonlinear. In fact, Keith forced the 
graph to be linear by dividing the original equation Into five separate linear equations: y - x - 1 ; y - x - 2; 
y - X - 3; y - X - 4; and y - x - 5. Sue admitted that she did not know how to detemilne when an equatton 
might be linear. While Initially confused, Tom and Steve were able to eventually ascertain the intercepts 
and suggest that the graph should be nonMnear. These observations, however, were not n«Kle without 
considerable prompting and questioning by the researcher. Here again Ann's autonomy and need for the 
concepts to make sense seemed to compel her to explore the question until she understood what type of 
graph coukl have multiple intercepts. 
Additional Comments 

Ann's interviews revealed not only a conceptual view of mathematics, but a facility with content as 
well. Ann was able to give spontaneous examples of graphs and equattons to illustrate her definitions and 
explanations. These explanations were clear and succinct. Her conversations were not broken by false 
starts and ramblings. Thus, Ann's intends demonstrated a qualitative d^erenca beyond the substance 
of the discussion. 

Just as Ann's inten/iews were characterized by their clarity, Tara's were often confused and vague. 
During the interviews Tara repeatedly asked for assistance and confinnation for her answers. When none 
was forthcoming, she woukl attempt to read the researcher's facial expresstons for clues. While 
nurthematical discussions were not easy for Tara, she was very articulate and confktont In discusstons of 
English literature and personal matters. 
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The discussion of the other participants also revealed individual characteristics. Uke Ann, Tom also 
was able to give exaniples, although his discussion was marked by a terseness. Keith's discussions were 
characterized by their brevity, since he rarely volunteered Information. Sue's discussions were punctuated 
by a jovial forthrightness. She would quicidy tell you when she did not understand a question or concept 
and then laugh at her own confusion. Steve, like Ketth, was somewhat resen/ed. His remarks usually were 
tied to references to the sciences or to computers. He often described his mind and thought processes 
in terms of a computer model. 

These differences are not always reflected in the preceding discussions of the students' beliefs, 
autonomy, and knowledge of functions. They do, however, provWe addittonal Insight Into thfl iistinctions 
among the participants. For example, Ann, Keith, and Tom were close in the number of functton questions 
they answered eonectly but this proximity does not illustrate the distinctions in clarity, succinctness, and 
spontaneity exhibtted In their remarks. 

Summarv of Results 

The results suggested that generally the students' actions and knowledge In the function protocols 
were consistent with their beliefs about mathematics and their autonomy. Within this consistency though, 
each student conveyed a unkjue set of beliefs about mathematics and demonstrated different degrees of 
autonomy, "me Student Ranking Table in Appendix summarized the differences among the students. 

The differences observed among the students were in keeping with the results found by Buchanan 
(1984) In her investigation of beliefs and problem solving. Buchanan noted that students whose primary 
beliefs about mathenwtics were relattonal or Instrumental showed both autonomous and non-autonomous 
actions In their problem-solving approach. They also had differing sources for their motivatton. Collectively 
these results suggested a continuum of beliefs from conceptual to procedural rather than the dichotomous 
views of mathemattes proposed by Skemp (1987). In this study. Ann and Tara represented views of 
matheiTiatk» at the extremes of the continuum with the remaining students located between them. 

Skemp (1987) also conjectured that students' autonomy was related to their beUefs about 
mathematk^. Briefly, he proposed that relational (conceptual) views of mathematk» wouM coincUe with 
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autonomy, while instrumental (procedural) views would be associated with a lack of autonomy. This simple 
dichotomous view was not reflecUve of the data reported here. While Ann and Tara seemed to fit Skemp's 
dualistic model the other participants did not. In fact, the protocols of Steve and Sue demonstrated that 
autonomy can enhance problem solving and hence niediate an otherwise procedural expectatton that ati 
problems should be solved by applying a formula or solving an equatton. 

Another hypothesis suggested by Skemp (1987) was that different beliefs and autonomy generate 
divergent knowledge structures. The students' beliefs and autonomy dkj appear consistent with their 
knowledge of functions, although the results did not confirm the two divergent structures proposed by 
Skemp. Just as the students' beliefs were a mixture of conceptual and procedural views, so were their 
understandings of functtons a mixture of menx^rized procedures and integrated concepts. 

While not valklating the dk^hotomous views that were originally hypothesized, the results dki confirm 
intenrelationships among the factors investigated: beliefs about mathematics, autonomy, and knowledge 
structure. What appeared was a complex and subtle interdependency. For example, Steve's and Sue's 
autonomy seemed to mediate their procedural expectation in the problem-solving protocols and in the 
functton assessment. For Tara, her attempts to valklate her answers or exptore her Meas often were 
frustrated by her apparent lack of domain-specifk^ knowledge or her inflexibility with procedures. 

In addition to the results reported above, several other observatton arose from the data. Like Frank 
(1985). the researcher noted that the partk^ipants often prefaced their comments with phases such as: "I 
doni remember," or '*we were never told this,** or '^I'm not sure this is right." Frank designated this as 
'baiting out' and attributed it to ''an attempt to gracefully get out of an uncomfortable or unprofitable sttuatton 
(p. QS).*" The researcher noted a similar implication in the use of these phrases in the participants' problem 
protocols. The results also seemed to confimi the conclusions drawn by Cobb (1985). Frank (1985), and 
Schoerrfeld (1985) that students' problems-solving heuristk^ were in keeping with their global beliefs about 
mathematics. 

One final issue needs to be discussed concerning these results. Doyle (1983) noted that what 
students attend to in class often reflected their perception of the class' requirements. In both the Algebra 
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II and the Algebra ll/Trigonometry classes, the teacher's expectation on the function unit seemed to reflect 
the procedural aspects of the topic. Mis. Thomas also held the t>elief that for the Algebra II class it was 
important to present samples of all homework problems and that tests should be faifty consistent with these 
problems. The tests and quizzes given in both classes conformed to this expectation and also tended to 
indude procedural and recall type questions. During the lecture portion of the dass period, Mrs Thomas 
reinforced this expectation by her continual use of procedural questions. However, the dass format 
provided some opportunity for autonomy with the students presenting their honmvofk solutions at the 
board. 

The participants' understanding of functions needs to be considered against the background of this 
classroom environment. With the exception of Ann, the other participants strongly believed that 
mathematics test questtons should match homework assignments and class exanptes and hence agreed 
with their instructor. Primarily the classroom analysis showed that the students' procedural beliefs about 
mathematics in general and their pnxedural expectations for the content were not challenged by the 
teacher's actions. Thus, Tara's view of mathematics as a disjoint collectton of memorized mles seemed 
to be further reinforced in her class. Ann's strong belief that mathematics involved ideas and creativity 
stood in staik contrast to the teacher's own beliefs that mathematics was useful, but not interesting. Also 
the teacher's belief that the applications of the mathematics were not important, was in contrast with the 
students' desire for reai-life examples to provUe motivation for studying functions or mathematics in 
general. 

Implications for Future Research and for Teaching 
This research study investigated the relationship between students' beliefs, autonomy, and 
knowledge of functions against the bad<ground of the dassroom environment. While the environment was 
obsen^ed and analyzed, it was not an integral component of the investigatk>n. Thus the effects of that 
classroom on beliefs and knowledge were not expiidtiy studied. This aspect, then, is one posstole area 
that shouM be studied further.An additional area of research suggested by the results is students' 
autonomy. The apparent power of these expec t a t ions to influence students' actions, espedalty in problem- 
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solving sKuations, had not been anticipated by the researcher Their potential warrants further study. 

The participants' discussion of the their past experiences, the teacher's role in learning 
mathematics, and their own teaming strategies suggests that beliefs about mathematics are connected with 
classroom experiences and classroom expectations. This further suggests that the classroom environn^nt, 
which includes the teacher's own beliefs about mathematics and the teacher's presentation of and 
expectations for the mathematical content, may convey unspoken messages to the students about the 
nature and processes of mathematics. If subsequent research affirms the influence of beliefs and 
autonomy on learning, then the classroom teacher needs to be cognizant of these unspoken messages and 
perhaps modify classroom activities to foster a more conceptual view of mathematk^. This view rnight be 
encouraged through student-centered activities, especially problem-solving situations, and the establishment 
of classroom expectations which include explanations, explorattons, and autonomy. 

Conclusions 

The results from this research investigation suggest three hypotheses concerning students' beliefs 
about mathematics, autonomy, and mathematical knowledge. First, students' beliefs about mathematics 
rather than being dicliotomous form a continuum from strongly conceptual in outlook to strongly procedural. 
Second, students' autonomy augments their beliefs about mathematk^s and often mediates them. Third, 
students' beliefs and autonomy appear to concur with their problem-solving strategies and with their 
knowledge of mathematics. Collectively these hypotheses suggest that students' beliefs and autonomy are 
an integral component of students' conception of mathematics and infkience both how problems are 
approached and how mathemattos is learned. Further study needs to be done on how and when thiise 
beliefs are fonned and under what conditions these beliefs are modHied or changed. Finally, the interplay 
among beliefs, autonomy, and learning need to be investigated in the actual classroom context. 
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Student Interview Protocois 

intan/iew #1 (Backgroun d Questions) 

1) How old are you? 

2) Are you a junior? 

3) What courses are you taking now? 

4) Do you belong to any clubs or groups? 

5) Do you betong to the mathematics team? 

6) Have you ever used a computer? 

7) Do you own a cakujiator? 

8) Do you ever read any game or puzzle books? 

9) Do you have a job? 

Do you use mathematkjs in your job? 

10) What other mathematfcs classes have you taken? 
Could you tell me about those classes? 

11) What do you plan to do after high school? 

12) Do you antkjipate taking mathematics in college? 

13) In New Hampshire you are required to take only 2 years of mathematics, so why are 
you taking a third year? 

14) How do you use mathematics in your everyday life? 

15) Now use your imagination. Name something that is the most unlike mathematics that 
you can think of. What makes it unlike math? Name something that is the mostlike 
mathematics. What makes it like math? 

16) How woukJ you describe your own ability to do mathematics? 

17) WouW you describe someone in your class that is good at mathematk^s? What 
makes them good? 

18) How does someone get to be good at nnathematk:s? 

Problems . General instructions on ail mathematics problems was: Read the problem out 
toud and tell me what you re thinking as you do the problem. 

19) 1/4 + 2/3 
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Follow up: 

Why cto you need common denominators? 
20) 6 divided by 3/8 
Follow Up: 

Why do you invert the divisor? 

Does your answer make sense? Why? When you do divide, your answer gets 
smaller. Does your answer make sense? 



Interview #2 (Problem Protocols and Belief Questk:)ns) 

21) 1.50 X .25 
Foltow Up: 

How do you know where to place the decimal point? 

Does your answer make sense? Why coukJ it not have been 37.5 or 3.75? 

22) Vocabulary list, (see foltowing list) 

lnstructk)ns: Circle the words that you associate with mathematk;s (English, history 
or science). Read them out toud as you go. Are there any words that you think go 
together? Why? 
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VOCABULARY LIST 



absolute 


abstract 


analyze 


ancient 


anxiety 


arbitrary 


beauty 


boring 


capricious 


cause & effect 


changing 


chronological 


classical 


clever 


common sense 


concentration 


controlled 


controversial 


creative 


cuiiurai 


cuo'ent 


deductive 


depth 


detailed 


diagrams 


discovery 


dogmatic 


dull 


easy 


elegant 


exciting 


experiential 


expressive 


factual 


fixed 


tiextDie 


formulas 


fragmented 


free 


fun 


general 


goals 


hard 


humanistic 


ideas 


individualistic 


insight 


instirx^tive 


integrating 


intensive 


interpretative 


known 


language 


logical 


mechanical 


menx)rize 


nujiti*dimensional 


multi-perspective 


new 


objective 


old 


open ended 


opinionated 


ordered 


organized 


practical 


precise 


rational 


right/wrong 


rigid 


routine 


rules 


sequenced 


short cuts 


simple 


column 


specific 


structured 


symbolic 


truthful 


theoretical 


thorough 


thought provoking 


themes 


trial and error 


universal 


uncertain 


useful 


valid 


varying 


verbal 


visual 


well-defined 


writing 
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Interview #3 (Problem Protocols and Belief QuestionR) 

23) Which of the following fractions is more than 3/4? 35^1. ia20, 71/101, ia^4, 
15/20. 

Follow Up: 

Could you have ctone it without a calculator? 

24) Which is the least of the following numbers? 
1/5.^ yiP.TsJs, 1/5 TfT . 

Follow Up: 

How else could you do the problem? 

25) Jimmy was trying a number trick on Sandy. He told her to pick a number, add 5 
to it, multiply the sum by 3 then subtract 10 and double the result. Sandy's final 
answer was 28. What number did she start with? 

Foltow Up: 

Do you believe your answer? 

26) FirKJ 20% of 85. 
Follow Up: 

Do you believe that number? Why does It seem reasonable? 

27) What is the smallest positive number which when it is divided by 3, 4 or 5 will leave 
a remainder of 2? Note: Two is the smallest integer that satisfies this relationship. 
However, all the student participants tacitly assumed that divided by meant a factor 
greater than zero (e. g. 3k + 2, k > 0). 

28) Which is larger the value in column A or in column B? 

A B 

543 X 29 30 X 543 

32 

Foltow-up: 

Could you have answered the quesik)n without multiplying if out (or using the calculator)? 
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29) Which is larger the value in column A or in column B? 
P<0 

A B 



Follow-up: 

If students gave an incorrect response, the researcher asks the students to try 
various nurrtiers. including a counter-example to the students statement. 
A 




B D 

30) In the diagram above, if BD . DC and the area of the shaded region is 8, the area 
of the triangle ABC is. 
Follow-up: 

If stuck, the researcher asked the student to tell what they fell they needed to know 
in order to solve the problem. Since this usually involved the length of BD or BC. 
the researchers suggested the student make up a number and try it out. 
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Interview #4 (Problem Protocols and Belief Questions) 

31) Smith gave a hotel derk $15 for his cleaning bill. The clerk discovered he had 
overcharged and sent a bellboy to Smith s room with five $1.00 bills. The dishonest 
bellboy gave three to Smith, keeping two for himself. Smith has now paid $12.00. 
The bellboy has acquired $2.00. This accounts for $14.00. Where is the missing 
dollar? 

32) Sample test, (see following Interview #4) 
Instructions: 

Pretend now that you are the teacher. I want you to grade this test. The first five 
problems are worth six points each, and the last four are worth ten points each. 
Grade it, and tell me why you are taking off the points that you are. 
Follow Up: 

After grading the test, the researcher queries the student about any misconceptwns 
they may have allowed to stand. Also on question II (a) the researcher usually 
attempted to clarify if the students believed that the problem was done incorrectly, 
ineffkjiently or the student marked it based on not matching the standard procedure. 

33) Which is larger, the value in column A or in column B? 

A B 

P+2 2-P 
Follow-up: 

Again, counterexamples were suggested if students offered incorrect solutions. 

34) Which is larger, the value in column A or in column B? 

R > O 
A B 



R 

Follow-up: 

Counterexamples were suggested if students offered incorrect solutions. 
35) The radius of the earth is approximately 4,000 miles. What length of rope woukl be 
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needed to lit" around the equator? Now suppose we add about 6 feet to the length 
of the rope (i.e. 2 feet), how far above the ground would the rope be? Would a 
piece of paper fit between the ground and the rope? Could a mouse crawl through? 
Could a person walk under it? 
Foilow*up 

Since the purpose of the question included the students' reaction to the feasibaily of 
the answer, the researcher interacted with the students, assisting If necessary, the 
students* understanding of the question and nwnitoring the appropriate usage of 
units. How certain do you feel about your answer? On a scale of 1 to 10 how 
confident are you? 
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ALGS6RA E5VIKW TEST 



** Show all work 
** Write neatly. ** • 
♦♦Circle your anewcra ** 



I. simplify the^,*jTI5Bili»^(6 potata each): 




(c) £^ 
— iC - 1 

7^ 





(e) 



II. Solve for X. Write ancHers in set notation. (10 points each) 
(a) 3X - 7 = 4 (b) 3(X - 2) + 12 = X + 2CX ■<■ 2) + 2 



3^ _7 -^^^ q+s/ 



2^ ^ 11 





4,9 
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(o) 1/2 (4X - 6) = 5X - 8(X - 4) 



(d) 



X + 3 



< 2 




-J. -3< V + S"^'^'-^ 
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Interview #5 (Problem Protocols, Belief Questions, and Student/ Teacher Roles Questions 

36) Ranking chart, (see following chart) 
Instoictions: 

What I would like you to do is rank order the topics across the top from one to 
eleven. For example, if you find decimals the most interesting, you would give it a 
one, the most boring topic an eleven. Let me know what youYe thinking as you fill 
out the chart. 

37) I would like you to imagine there is a new kid in school. This student is an English 
speaking foreign student who is unfamiliar with Amerfcan school. The gukJance 
office calls you down and asks that you show him the ropes in your mathematfcs 
class. What kind of advk:e would you give him? 

Follow-up questions if necessary: 

What woukJ you tell him about homework? Tests? Lectures? Your teacher? What 
should he do if he gets stuck on his homewort^? 

38) In a few years I will be teaching teachers how to teach mathemattes. Do you have 
any advice to pass on to them? 

39) If you coukj change anything about mathematics, or the way it is taught, what wouW 
you change? 

40) How would you fill in the blank **a good math teacher is someone who"? 

41) I have a friend who likes to make mathematfcs tests what he calls a leaming 
experience. He puts problems on the test that the students have never seen before 
but are related to the ideas they have had in class. Do you agree or disagree with 
my friend's philosophy? 

Follow-up, if necessary: 

How woukl you convince him that this is not right? 

42) I have had students say to me "You didn't go over that in class, but you gave us 
homework on it anyway. I don't think that's fair.** Do you agree or disagree with 
those students? 

43) I have also had students say to me "You waste too much time in class going over 
things that you don't ask us on the test.** Do you agree or disagree with their view? 
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Interview #6 (Function Problem PrptocQls) 

44) Describe what is meant by a function. Give an example of something that is not a 
function. 

45) Which are fundlons? Which are relattons? 




46) What does f(x) « 2x + 3 mean? 

47) Graph f(x) = 2x ^ 3. Are straight lines functions? 

48) What the x's and y's in the formula; y « mx b? 

49) What is slope? 

50) Points (0. 1), (2, 4), and (6, 10) lie on the same line. Compute the slope of the line? 
Follow-up: 

If you used a different pair of points what would you get? Why? 

51) What is meant by the domain and range? 
Foltow-up: 

Referring back to ttie graphs is #45. ask the student to give the domain and range 
of the graphs. Or ask the student to write an equation of a function and give it's 
domain and range. 

54 



52) What is the domain and range of ((x) 
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Interview »7 (Function Probtem Protocols) 

53) Find the X and y intercepts tor the graph of 
y « (x-1)(x-2)(x-3)(x-4)(x-5). 

54) What does the notaticn f(g{x)) nrjean? 

55) f(x) - 1/x and g(x) - x - 3. 

(a) Find t{g(2)). f(g(0)). and {f(g(3)). 

(b) What is the donnain of h(x) - f(g(x))? 

56) Does f(g(x)) - g(f(x))? 

57) The y-intercept of the line jn the figure is 6. Find the slope of the line if the area 
of the shaded triangle is 72 square units. 




58) Prove that the line segment joining the midpoints of the successive sides of a 
rectangle form a rhombus. 
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Interview #8 (Function Probtem Prptocolst 

59) During a flu epidemic in a small town, a public health official finds that the total 
number of people P who have caught the flu after t days is closely approximated by 
the formula: 

P(t) « 25t - 20 ( 1 < t < 29). 

(a) How many have caught the f(u after 10 days? 

(b) After approximately how many days will 275 have caught the tia? 

60) Why did you study functions? What good are they? 

61) If (2, a) and (2, b) are points on the graph of function, what can you conclude about 
a and b? 

62) It costs a recording artist $2100 to make a nr^aster tape and $1500 for each lOOO 
tapes produced. The tapes sell for $5 each. How many tapes must be sold before 
a profit is made? 

63) In the Brown family there are these people: Bill. Jane. Sarah, and Tom. In the 
Jones family there are Allen, Carol. Dave. George, and Patty. Now if I write these 
peoples names as ordered pairs, that is as (Bill. Brown). (Jane. Brown). (Sarah, 
Brown) and so on for the Brown family. Also do the satm for the Jones family. 
Does this collection of ordered pairs describe a function? If the order is reversed 
will it be a function? 
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CodiDQ Criteria 

Conceptual View of Mathematics 

Summarizing, a conceptual view of mathematics holds that mathematics is composed of 
integrated concepts. Students perceive the concepts which underpin procedures as ratiorial, 
knowabie. and vital for their understanding. This view of malherratics is evident tjy a student's 
non-reliance on mies and known procedures in problem solving situations, by setf*reflection on 
the setectton of procedures and their executton and by the devek)pment of a rationale for basic 
procedures. 

Students with a conceptual view: 

1) coukJ justify procedures on the basis of first principles or on intuitive number sense. 

2) have integrated procedures as opposed to having Isolated appiicattons or have multiple 
ways to approach a problem, 

3) use number sense to facilitate approximation or check reasonableness of answers, 

4) have the ability to summarize or generalize a process used to solve a prol)(em (not mere 
repetition of steps-must add some interpretation or perspective to summary), or 

5) graded sample test on the basis of validity of process not just answers or familiarity of form. 
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Procedural View Of Mathematics 

Summarizing, a procedural view of mathematics is primarily one that views mathematics as an 
isolated collection of procedures rules to be menx>rized. The importance lies in the execution 
of these procedures and not in the rationale t^ehind them. This view would manifest itself in 
problem solvirig situations as an exclusive reliance on formulas or equations to solve these 
problems. In addition, a procedural view of mathematics would be evident in the student's 
inability to offer any rationale for basic arithmetic and algebraic procedures. 
Students with a procedural view would: 

1) execute aigorithnfis without evidencing any ties to other idea or ability to justify procedures 
in terms of first principles, 

2) have the expectation that mathematics can be solved by merely applying a given algorithm 
or by solving an algebraic equation, 

3) used unmonitored trial and error, or 

4) graded the sample test on the basis of: answers, not process, familiarity of form and 
merited problems incorrect on the basis of form. 

Demarkations : 

strong evidence 
sufficient evidence 
weak evidence 

Uncertain - unable to code problem dialogue 
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Autonomy 

Autonomy is defined here as more than an independence of action. Autonomy is associated 
with an expectation that mathematics should make internal sense to the individual. By this, it 
is meant that the student believes she is the primary source of justification for her mathematics. 
She expects her answers or solutions to internally consistent with her knowledge. A student 
lacking such an expectatton woukl require an outsxie authority - teacher or text or answer key 
to judge the soundness of her sokittons. Mathematics for a student who lacked autonomy woukl 
represent an external knowledge. 
An autonomous student would: 

1} show independence from the researcher by (a) challenging the researcher's suggestions 
or (b) delay or put off responding to researcher's kleas or questtons until they have had 
an opportunity to check a computation or idea for ttiemselves. 

2) check answers voluntarily, 

3) monitor the reasonableness of answers as problem solution progresses, 

4) show an expectatk)n that the problems shoukj make sense, 

5) rephrase problems in her own words, or 

6) conclude a problem by summarizing klea for herself. 
A nonautonomous student woukl: 

1) relay on the researcher to supply answers, hints or dues, 

2) express the view that mathennatics is memorized mles given by the teacher, or 

3) expect others to judge the validity of answers. 
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Student Rankings 



Beliefs Functions 



Name C PA NA CT IC 



Ann 


100%* 


0% 


100% 


0% 


85% 


15% 


Tom 


100% 


0% 


100% 


0% 


75% 


25% 


Sue 


90% 


10% 


100% 


0% 


80% 


20% 


Steve 


75% 


25% 


75% 


25% 


70% 


30% 


Keith 


62% 


38% 


40% 


60% 


85% 


15% 


Tara 


57% 


43% 


33% 


67% 


70% 


30% 



Note. C - conceptual; P - procedural; A - autonomous: 
NA - nonautononxxjs; CT « correct: iC « incorrect. 

•Proportion of prot>lems that were codable as conceptual to the 
total number of problems codiible as conceptual or procedural. 
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